This work announces an eleven-term novel 4-D hyperchaotic system with two quadratic nonlinearities. A qualitative analysis of the properties of the novel 4-D hyperchaotic system is presented. A special feature of our novel hyperchaotic system is that it has three equilibrium points of which two are unstable and one is locally asymptotically stable. The Lyapunov exponents of the novel hyperchaotic system are obtained as L1 = 1.5146, L2 = 0.2527, L3 = 0 and L4 = −12.7626. The Kaplan-Yorke dimension of the novel hyperchaotic system is derived as DKY = 3.1385. Next, this work describes the design of an adaptive controller for the global hyperchaos synchronisation of identical novel hyperchaotic systems with unknown parameters. MATLAB simulations are shown to describe all the main results derived in this work.
Introduction
Chaotic systems are nonlinear dynamical systems which display exponential sensitivity to even small perturbations in the initial conditions. The sensitivity to initial conditions of chaotic systems is usually called as the butterfly effect , 2015b , 2015c .
Since the discovery of chaos in weather patterns (Lorenz, 1963) , chaos theory has found applications in several areas of science and engineering.
There are many classical chaotic systems such as Chen's system (Chen and Ueta, 1999) , Lu-Chen system (Lü and Chen, 2002) , Wang (2009) system, etc. There are many novel chaotic systems such as Vaidyanathan systems (Vaidyanathan, 2014a (Vaidyanathan, , 2014c (Vaidyanathan, , 2015b (Vaidyanathan, , 2015i, 2015r, 2016a (Vaidyanathan, , 2016b (Vaidyanathan, , 2016c (Vaidyanathan, , 2016d Pakiriswamy, 2016a, 2016b; Vaidyanathan and Rajagopal, 2016; Vaidyanathan and Boulkroune, 2016; , 2015b , 2015c , 2015d , Pehlivan system (Pehlivan et al., 2014) , Sampath system (Sampath et al., 2015; Sampath and Vaidyanathan, 2016) , Pham systems (Pham et al., 2015a (Pham et al., , 2016a (Pham et al., , 2016b (Pham et al., , 2016c , Tacha system (Tacha et al., 2016) , Akgul system (Akgul et al., 2016) , etc.
Chaos modelling and chaos control are active areas of research in chaos theory. In science and engineering, chaos has many applications like oscillators Vaidyanathan, 2015o) , Tokamak systems (Vaidyanathan, 2015m, 2015w) , dynamo systems (Vaidyanathan, 2015h, 2015k) , chemical reactors (Vaidyanathan, 2015e, 2015g, 2015j, 2015t) , neurology (Vaidyanathan, 2015a,q,v,n,p) , population biology (Vaidyanathan, 2015c (Vaidyanathan, , 2015f, 2015d , etc.
There are many methods available for chaos control such as open-loop control based on periodic system excitation, closed-loop control such as OGY method (Ott et al., 1990) and also time-delayed feedback control such as Pyragas (1992) 
Recently, time-delayed feedback method has been also considered for chaos control in economic model (Holyst and Urbanowicz, 2000) and inducing or suppressing chaos in a double-well Duffing oscillator (Sun et al., 2006) .
Closed-loop control also includes methods such as backstepping control Rasappan and Vaidyanathan, 2012; Vaidyanathan et al., 2014 , active control (Sundarapandian and Karthikeyan, 2012; Karthikeyan and Sundarapandian, 2014; Sarasu and Sundarapandian, 2011; Vaidyanathan and Rajagopal, 2011) , adaptive control Vaidyanathan and Volos, 2015; Vaidyanathan et al., 2015e; Vaidyanathan and Pakiriswamy, 2015; Vaidyanathan and Azar, 2016a , 2016b , 2016c , 2016d , sliding mode control (Cao et al., 2016; Boujelben et al., 2016; Vaidyanathan and Sampath, 2012; Sundarapandian and Sivaperumal, 2011; Vaidyanathan, 2015u) and intelligent control (Boulkroune et al., 2016a (Boulkroune et al., , 2016b Sadeghpour et al., 2012; Wang et al., 2011) .
Synchronisation of chaotic systems is a phenomenon that may occur when two or more chaotic oscillators are coupled or when a chaotic oscillator drives another chaotic oscillator (Sundarapandian et al., 2015; Vaidyanathan, 2015s, 2014b Arabyani and Nik, 2016) . Because of the butterfly effect which causes the exponential divergence of the trajectories of two identical chaotic systems started with nearly the same initial conditions, synchronising two chaotic systems is seemingly a very challenging problem. If a particular chaotic system is called the master or drive system and another chaotic system is called the slave or response system, then the idea of the synchronisation is to use the output of the master system to control the slave system so that the output of the slave system tracks the output of the master system asymptotically.
A hyperchaotic system is defined as a chaotic system with at least two positive Lyapunov exponents , 2015b , 2015c . Thus, the dynamics of a hyperchaotic system can expand in several different directions simultaneously. Thus, the hyperchaotic systems have more complex dynamical behaviour and they have miscellaneous applications in science and engineering such as secure communications (Filali et al., 2014; Li et al., 2005a) , cryptosystems (Rhouma and Belghith, 2008; Zhu, 2012) , fuzzy logic (Senouci and Boukabou, 2014; Zhang et al., 2005) , electric circuits (Yujun et al., 2010; Wei et al., 2012) , etc.
There are many hyperchaotic systems in the literature such as hyperchaotic Rössler system (Rössler, 1979) , hyperchaotic Lorenz system (Gao et al., 1979) , hyperchaotic Chen system (Li et al., 2005b) , hyperchaotic Liu system (Liu et al., 2008) , etc. The classical hyperchaotic systems typically have equilibrium points that are unstable such as saddle-point or saddle-focus. In the chaos literature, there is significant interest in discovering novel chaotic or hyperchaotic systems that have no equilibrium points Chen et al., 2015; Wei, 2011; Pham et al., 2011; Leonov et al., 2011; Dudkowski et al., 2016) or with stable equilibrium points (Wei and Yang, 2011), etc. In this work, we announce an 11-term novel 4-D hyperchaotic system with two quadratic nonlinearities. We present a detailed qualitative analysis of the novel hyperchaotic system. We show that the the novel hyperchaotic system has three equilibrium points of which two are unstable and one is locally asymptotically stable. The presence of a stable equilibrium point is a special feature of the novel hyperchaotic system.
The Lyapunov exponents of the novel hyperchaotic system are obtained as
7626. The presence of two positive Lyapunov exponents confirms that the proposed 4-D system is hyperchaotic. Also, the Kaplan-Yorke dimension of the novel hyperchaotic system is derived as D KY = 3.1385, which shows the high complexity of the system. The rest of this paper is organised as follows. Section 2 introduces the eleven-term novel 4-D hyperchaotic system with two quadratic nonlinearities. In this section, the phase portraits of the novel hyperchaotic system are also displayed using MATLAB. Section 3 details the qualitative properties of the novel 4-D hyperchaotic system. Section 4 describes new results for the global chaos synchronisation of identical novel hyperchaotic systems with unknown parameters. The main result in this section is established using Lyapunov stability theory. MATLAB simulations are shown to validate and illustrate all the main adaptive control results derived in this work. Section 5 contains a summary of the main results derived in this work.
A novel 4-D hyperchaotic system
In this section, we describe the novel 4-D hyperchaotic system with two quadratic nonlinearities. The dynamics of the novel hyperchaotic system is given as follows.
(1) where x 1 , x 2 , x 3 , x 4 are the states and a, b, c are positive parameters.
In this work, we show that the system (1) is hyperchaotic, when the parameters take the values a = 10, b = 76, c = 3
For numerical simulations, we take the initial values of the system (1) as
For the parameter values (2) and the initial values (3), the Lyapunov exponents of the system (1) are numerically calculated as
Since there are two positive Lyapunov exponents in (4), it follows that the novel 4-D system (1) is hyperchaotic. Figures 1 to 4 depict the 3-D phase portraits of the novel 4-D hyperchaotic system (1) in (x 1 , x 2 , x 3 ), (x 1 , x 2 , x 4 ), (x 1 , x 3 , x 4 ) and (x 2 , x 3 , x 4 ) spaces respectively. The phase portraits show that the strange attractor of the novel 4-D hyperchaotic system (1) is a 2-scroll attractor or butterfly attractor. 
Dissipativity
In vector notation, the novel 4-D hyperchaotic system (1) can be expressed aṡ
where
Let Ω be any region in R 4 with a smooth boundary and also, Ω(t) = Φ t (Ω), where Φ t is the flow of f . Furthermore, let V (t) denote the volume of Ω(t).
By Liouville's theorem, we know thaṫ
The divergence of the novel 4-D system (1) is found as:
where µ is defined as
For the choice of parameter values given in (2), we find that µ = 11 > 0. Inserting the value of ∇ · f from (8) into (7), we geṫ
Integrating the first order linear differential equation (10), we get
Since µ > 0, it follows from (11) that V (t) → 0 exponentially as t → ∞. This shows that the novel 4-D hyperchaotic system (1) is dissipative. Hence, the system limit sets are ultimately confined into a specific limit set of zero volume, and the asymptotic motion of the novel 4-D hyperchaotic system (1) settles onto a strange attractor of the system.
Equilibrium points
The equilibrium points of the 4-D novel hyperchaotic system (1) are obtained by solving the equations
We take the parameter values as in the equation (2). A simple calculation shows that the system (1) has three equilibrium points given by
The Jacobian matrix of the system (1) at any x ∈ R 4 is obtained as
The eigenvalues of J 0 = J(E 0 ) are numerically obtained as
which shows that E 0 is a saddle point and unstable. The eigenvalues of J 1 = J(E 1 ) are numerically obtained as
which shows that E 1 is a saddle-focus and unstable. The eigenvalues of J 2 = J(E 2 ) are numerically obtained as
which shows that E 2 is locally asymptotically stable. Thus, the novel hyperchaotic system (1) has two unstable and one stable equilibrium points.
Invariance
We claim that the x 3 -axis is invariant under the flow of the novel hyperchaotic system (1). The x 3 -axis is defined as the set
If x(0) = x 0 ∈ Z, then it follows from the dynamics (1) that x 1 (t) ≡ 0, x 2 (t) ≡ 0 and x 4 (t) ≡ 0 for all values of t ∈ R. This shows that x(t; x 0 ) ∈ Z for all values of t ∈ R. Hence, Z or the x 3 -axis is invariant under the flow of the novel hyperchaotic system (1).
The invariant motion along the x 3 -axis is characterised by the scalar dynamicṡ
which is globally exponentially stable.
Lyapunov exponents and Kaplan-Yorke dimension
For the parameter values given in the equation (2) and the initial values given in the equation (3), the Lyapunov exponents of the novel 4-D hyperchaotic system (1) are calculated as
Thus, the novel 4-D hyperchaotic system (1) has two positive Lyapunov exponents. Also, the maximal Lyapunov exponent (MLE) of the system (1) is obtained as L 1 = 1.5146. Also, the Kaplan-Yorke dimension of the novel hyperchaotic system (1) is obtained as
which is fractional. Since the novel 4-D hyperchaotic system (1) has two positive Lyapunov exponents, it has very complex dynamics and the system trajectories can expand in two different directions.
Adaptive synchronisation of identical novel hyperchaotic systems
In this section, we derive an adaptive control law for globally synchronising identical novel 4-D hyperchaotic systems with unknown parameters.
As a master system, we consider the novel 4-D hyperchaotic system given bẏ
In (22), x 1 , x 2 , x 3 , x 4 are the states and a, b, c are unknown system parameters. Its associated slave system is described bẏ
In (23), y 1 , y 2 , y 3 , y 4 are the states and u 1 , u 2 , u 3 , u 4 are the adaptive controls to be determined. The synchronisation error between the novel 4-D hyperchaotic systems (22) and (23) is defined by
Then the error dynamics is obtained aṡ e 1 = a(e 2 − e 1 ) + e 4 + u 1 e 2 = be 1 + e 4 − y 1 y 3 + x 1 x 3 + u 2 e 3 = −e 3 − e 4 + y 1 y 2 − x 1 x 2 + u 3 e 4 = −c(e 1 + e 2 ) + u 4 (25)
We consider the adaptive feedback control law
where k 1 , k 2 , k 3 , k 4 are positive gain constants.
Substituting (26) into (25), we get the closed-loop error dynamics aṡ
The parameter estimation errors are defined as
In view of (28), we can simplify the plant dynamics (27) aṡ e 1 = e a (e 2 − e 1 ) − k 1 e 1 e 2 = e b e 1 − k 2 e 2 e 3 = −k 3 e 3 e 4 = −e c (e 1 + e 2 ) − k 4 e 4 (29)
Differentiating (28) with respect to t, we obtaiṅ
We use adaptive control theory to find update laws for the parameter estimates.
We consider the quadratic candidate Lyapunov function defined by
Differentiating V along the trajectories of (29) and (30), we obtaiṅ
In view of (32), we take the parameter update law aṡ a(t) = e 1 (e 2 − e 1 ) b(t) = e 1 e 2 c(t) = −e 3 (e 1 + e 2 )
Next, we state and prove the main result of this section.
Theorem 1:
The novel 4-D hyperchaotic systems (22) and (23) with unknown system parameters are globally and asymptotically synchronised for all initial conditions by the adaptive control law (26) and the parameter update law (33), where k 1 , k 2 , k 3 , k 4 are positive gain constants.
Proof: We prove this result by applying Lyapunov stability theory (Khalil, 2002) .
We consider the quadratic Lyapunov function defined by (31), which is clearly a positive definite function on R 7 . By inserting the parameter update law (33) into (32), we get the time-derivative of V aṡ
(34) From (34), it is clear thatV is a negative semi-definite function on R 7 . Thus, we can conclude that the error vector e(t) and the parameter estimation error are globally bounded.
We define k = min{k 1 , k 2 , k 3 , k 4 }. Then it follows from (34) thaṫ
Thus, we have
Integrating the inequality (36) from 0 to t, we get
From (37), it follows that e ∈ L 2 . Using (29), we can conclude that _ e ∈ L ∞ . Using Barbalat's lemma [Khalil (2002) ], we conclude that e(t) → 0 asymptotically as t → ∞ for all initial conditions e(0) ∈ R 4 . This completes the proof.
For the numerical simulations, the classical fourth-order Runge-Kutta method with step size h = 10 −8 is used to solve the identical novel hyperchaotic systems considered in this section, when the adaptive control law (26) is applied.
The parameter values of the novel 4-D hyperchaotic systems are taken as in the hyperchaotic case, i.e. a = 10, b = 76 and c = 3.
We take the positive gain constants as
Furthermore, as initial conditions of the master system (22), we take
As initial conditions of the slave system (23), we take 
Conclusions and future work
This paper has presented a novel eleven-term 4-D hyperchaotic system with two quadratic nonlinearities. We showed that the novel hyperchaotic system is dissipative and it has a maximal Lyapunov exponent given by L 1 = 1.5146. We also calculated the Kaplan-Yorke dimension of the novel hyperchaotic system as D KY = 3.1385. We showed that the novel hyperchaotic system has three equilibrium points of which two equilibrium points are unstable and third equilibrium point is locally asymptotically stable. We showed that the novel hyperchaotic system has rotation symmetry about the x 3 -axis. We also derived an adaptive controller for globally synchronising the trajectories of identical novel hyperchaotic systems with unknown parameters. The main adaptive control result was established using Lyapunov stability theory. As future work, fractional order hyperchaotic systems and applications of hyperchaotic systems in cryptosystems and secure communication systems can be investigated.
